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Lagrangian Mechanics

 Newton-Euler mechanics is a “force balance” approach to dynamics.
O Lagrangian mechanics is an “energy-based” approach to dynamics.

U The Lagrangian L is defined as the difference between the kinetic energy K and the potential energy P of the
system.
L=K-P
O The dynamics equations, in terms of the coordinates used to express the kinetic and potential energy, are
obtained as
d dL OJL
i =1taq,  aq;
where g; are the coordinates in which the kinetic and potential energy are expressed, ¢; is the corresponding
velocity, and F; the corresponding force or torque.
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O For example, dynamics of the 2-link manipulator
* No gravity effect.

* Forlink 1, the kinetic and potential energies are
K, =1/2m 1567
Pl — 0
* Forlink 2, we have
Xy = L16y + LaCia, Y2 = Lysy + LSy . . .
Xy = —L16151 — Ly (01 + 65)s12, Yo = L161c1 + Ly(01 + 63)cq2
so that the velocity squared is
v; =%; +¥; : |
= 1207 + L3(6, + 65)" + 2L,L, (67 + 6,6, ) c;
Therefore, the kinetic and potential energies for link 2 is
K, =1/2m,v3
. . ) . .o
= 1/2 mZL%Qf ~+ 1/2 mzL%(Hl + 02) + m2L1L2 (812 + 9102) Co
PZ — 0
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 The Lagrangian
L=K1+K2—P1—P2

= 1/2 (ml + mz)Liglz + 1/2 mzL%(Hl + 0.2)2 + mleLz (012 + 8.18.2) Cy

* Lagrangian’s equation

- dL : : : : :

ﬁ = (ml + mz)Ligl + mzL% (01 + 92) + m2L1L2(291 + 92)(:2

1

d oL - e o o

Link 1 — %E — (m1 + mz)ngl + m2L2(91 + 82) + m2L1L2(291 + 92)(:2 — mleLz (26132 + 92) S»
1

oL _ .

06,

~ dL

06,

d oL o ) .

Link2 =@ ——— = msz(Ql + 62) + m2L1L291C2 — m2L1L2919252

= mzL%(Hl ~+ 92) + mlenglC'z

—— = —m,LL, (912 + 9192) Sy
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* Lagrangian’s equation — continued
ST = {(ml + mz)L:ZL + mzL% + 2m2L1L2C2}9.1 + {mzL% + mleLzC‘z}é.z — mleLz (29102 + 822) S»

Ty, = {mzL% + m2L1L2C2}9"1 + mzL%HZ + m2L1L29.12$2

A manipulator’s equations of motion can be written in the form
T=M(0)0+V(6,6) + G(H),
where M () is the n x n mass matrix, V(Q, 9) is an n x 1 vector of centrifugal and Coriolis terms, and G (6)
is and n x 1 vector of gravity terms.

. [Tl] _ [(ml + mz)L% + mzL% + 2m2L1L2C2 mzL% + m2L1L2C2] [91] + [_mleLz (20192 + 822) So
12

mzL% + mleLz Co mzL% 02 m2L1L28.1252



