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Bilateral Controller for Teleoperators
with Time Delay via p-Synthesis

Gary M. H. Leung, Bruce A. Francis, Fellow, IEEE, and Jacob Apkarian

Abstract—In the standard teleoperator system, force and veloc-
ity signals are communicated between a master robot and a slave
robot. It is well known that the system can become unstable when
even a small time delay exists in the communication channel. In
this paper, a method based on the 7. -optimal control and ;-
synthesis frameworks is introduced to design a controller for the
teleoperator that achieves stability for a prespecified time-delay
margin while optimizing performance specifications. A numerical
design example is included.

I. INTRODUCTION

ELEOPERATION is the extension of a person’s sensing

and manipulation capability to a remote location [18].
We consider the standard teleoperator system depicted in Fig.
1. The human operator commands via a master manipulator
by exerting a force fj. The master moves with velocity vy,
that is transmitted via the communication network to the slave
manipulator. Likewise, the slave manipulator responds to the
reference signal, vsq, and the force f, sensed as a result of
contact with the environment and/or some external source, f.,
is transmitted back to the master network, which results in the
force fi.q4 to the master. In general, all of these signals can be
vector-valued functions of continuous time.

In 1965, Ferrell [8] first showed the instability due to time
delay of a kinesthetically coupled teleoperator. Vertut et al.
[20] showed that stability could be achieved in the presence
of time delay only when the bandwidth of the system was
severely reduced. However, Brooks [6] suggested that the
bandwidth of a teleoperator should be approximately between
4 Hz to 10 Hz for normal operation. Hence, the problem of
achieving adequate bandwidth in the face of appreciable time
delay had remained largely unsolved. Much of the work on
time delay in teleoperation has been in the area of human
performance. Only a few papers have dealt with the control
issues (e.g., input/output stability, controller design) pertaining
to this problem.

In 1988, Anderson and Spong [2] introduced a new com-
munication architecture for telerobots that achieves, under
certain assumptions, infinite time-delay stability margin in the
communication channel. Their idea is as follows. In Fig. 1 set
frn = f. = 0 and assume the master system (f,, to v,,) and
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slave system (vs4 to f5) are strictly passive. Now reconfigure
as Fig. 2. Then the new master system (,fmd to ¥y,) and new
slave system (044 to ﬁ.) are strictly contractive (H..-norms
strictly less than 1), so by the small-gain theorem the overall
system will be stable for any time delay in the communication
channel. Of course, this method works only if the original
master and slave systems are strictly passive, which then
become design constraints for the individual master and slave
controllers. How to design with these constraints is not treated
in [2]. (It is interesting to note that the discretization, via
sample and hold, of a passive system is in general not passive
[15]. So the Anderson-Spong method will in general not be
directly applicable for digital controllers and communication
channel.) In [3], asymptotic stability of master and slave
velocities was proven.

In [16] the work in [2], [3] is interpreted using transmitting
wave variables in place of the standard power variables
(e.g, forces and velocities). In doing so, [16] formulates the
input/output variables of the telerobot as two sets of waves of
the master and slave networks. The concept of characteristic
impedance of these waves is introduced and an analogy is
drawn to the characteristic impedance of a natural wave guide.
By using this analogy, it is shown that, in order to achieve
good performance, the termination of each port of the telerobot
network should be chosen to provide damping equivalent to
the characteristic impedance of the wave variables.

In [1] a synthesis method to design generalized bilateral
control is presented. The method is based on the passivity
concept and uses two criteria, “transparency distance” and
“passivity distance,” to evaluate the design. The case of
rigid manipulators is solved. For the case of flexible joint
manipulators, the authors advocate the use of H,, control
theory to address the problem. In addition, it is stated that
“time delay communication is a fundamental performance
limitation and that no causal controller can improve the
performance.”

In [19], and subsequently [14], H, optimal control theory
was applied to the design of a controller for a telerobot. In
this design, an ideal communication channel (i.e., no time
delay) was assumed and the performance specifications were
given in terms of desired dynamic relationships between the
master and slave robots. Model reduction techniques were
employed and experiments were conducted using the reduced-
order controller.

None of the above papers solves the problem of robust
stability and performance of the teleoperator in the presence
of time delay in the communication channel. In many cases,
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Fig. 2. Design of Anderson and Spong.

the controller design is specific to the case where the slave
manipulator is in contact with the environment. That is, it is
assumed that the slave manipulator is always in contact with its
environment and little or no consideration is given to the case
where the slave manipulator moves in free space. In other cases
(e.g., the hybrid formalism [13], {12}, [10], (11]. [5]) internal
stability is not an explicit specification — presumably, one
checks for internal stability of the system at the end of the
design process. .

In this paper, we introduce a method for the design of a
controller for a bilateral force-reflecting teleoperator with time
delay through the communication channel. This design method
is based on H.. optimal control ( [7], [9]) and j-analysis
and synthesis techniques [4]. One advantage of our proposed
method is that it allows us to design both for perforézi)nce
(time-domain specifications) and time-delay stability margin
in one step. In previous works, controllers were designed to
satisfy certain nominal performance specifications and then
modified to ensure stability for time delay. These modifications
were conservative in that although infinite time-delay stability
margin was achieved, system performance {p the face of a
time delay was not a design specification. A second advantage
of our method is that, with the control architecture chosen,
performance is treated both for free motion and for constrained
motion when the slave is in contact with its environment.

We begin by giving an overview of teleoperation and the
associated control problem. Next we give a brief introduction
to 'H .. optimal control and the jr-analysis and synthesis tech-
nique. We then outline the design procedure and illustrate our
results via a design example. In order to keep the presentation
clear, we deal only with a single degree-of-freedom linear
time-invariant teleoperator model.

The notation used in this paper is that I’(s), T'(s), - - - denote
transfer functions and wu(s), »(s), - - - denote signal transforms,

A. Design‘Methodology

The design methodology developed in this paper can be
summanzed as follows.

The design procedure has two steps. The first is the design
for free motion, where the master and slave manipulators
move fm%nd are unconstrained by the environment or any
external soutte (i.c., the case where f, = 0). For this step, we

n

Fig. 3. Standard ‘H . design setup.

A

Fig. 4. Feedback interpretation of gy ().

suppose there are two goals: 1) a desired master compliance
and 2) motion following of the master by the slave. Separate
master and slave controllers are designed and communication

is from the master to the slave only. The second step is the -

design for constrained motion, where the slave manipulator
is in contact with its environment and a contact force is
sensed at the slave (i.e., the case where f. # 0). For this
step, we suppose that the goal is that any forces sensed by
the slave manipulator must be refiected back to the master
manipulator. (Of ceurse, the constraint on this second step is
that it should not affect the results of the first step.) In this step
an “outer loop™ controller is designed, communicating signals
from the slave back to the master. Time delay is modeled and
a pre-specified time-delay stability margin is achieved. ‘

As a result, the telerobotic system is designed to function
both in free motion and when the slave is in contact with
its environment, and also when there is a pre-specified upper
bound on the communication time delay.

II. THE H, AND ;i-SYNTHESIS DESIGN FRAMEWORK

In this section, we will briefly describe the M -optimal
control framework and the ji-synthesis design framework.
Readers familiar with this material may choose to skip this
section. '
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A. The H, Design Framework

The standard setup for the H., design problem is shown
in Fig. 3 [9]. In this figure, w, u, 2, and y are vector-valued
signals: w is the exogenous input (command/reference signals,
disturbances, noises); u is the control signal; z is the output
to be controlled and y is the measured output (input to the
controller).

In the setup of Fig. 3, GG represents a generalized plant
(which includes all system dynamics, weighting matrices, etc.)
and K represents a controller to be designed. Partition G as

Gn Gz
G:
[Gm Ga
where
z = Guw+ Giou )
y = Gaw+ Gau.

The resulting system from w to z, namely
Gi + GuK(I -~ GnK) 'Gy

is a linear-fractional transformation of K that depends on G.
The notation for this system is F3(G, K ), subscript [ indicating
that K is connected in the lower loop. Define the H,, norm
of a transfer matrix F(jw) as

1Flloo = sup G[F(jw)]

where & denotes the largest singular value.

The standard problem in H., optimal control is to find a
real-rational, proper controller K to minimize ||Fi(G, K)||oo
under the constraint of internal stability. The solution requires
several assumptions, regarded as regularity conditions. For
example, the input u needs to be fully weighted in the output
z—otherwise the problem is singular and the optimal con-
troller K may be improper; similarly, there need to be sensor
noises on all measured signals. Modifying a problem so that
the regularity conditions are satisfied is called regularization.
Solving the standard problem, therefore, amounts to choosing
weights on error signals and regularizing. State-space formulae
for solving this problem may be found in [7]. The H
design technique may be performed using the u-Synthesis and
Analysis Toolbox {4] in MATLAB.

B. p-Analysis and Synthesis

For completeness, we give a brief introduction to the -
analysis and synthesis technique. For a detailed treatment, see
[4].

The issue is structured uncertainty. The structured singular
value, a matrix function denoted by u(-), is defined as follows.
Let M € C™**", S and F be two non-negative integers and
Ty, +,Ts; My, -+, mp be positive integers where

S F

E T+ E m; = n.
i=1 j=1

Define a family A C C™*™ of block-diagonal perturbation
matrices

A = {diag[$11,,,- -, 81,0, A1, -+, AF] :
b; € C,Aj € ijxmj}.

Thus, a matrix in A is block diagonal with S scalar blocks and
F full blocks. Then p(M) is defined to be the reciprocal of
the smallest v such that I — M A is singular for some A € A,
(A) < +. We may interpret this definition in the following
way. Suppose M € C™*" and consider the loop shown in
Fig. 4. Then p(M) is a measure of the smallest structured
perturbation, A, that causes instability of the feedback loop.

To illustrate the p-synthesis technique, introduce the stan-
dard unity feedback system shown in Fig. 5. The dashed box
represents the “true” model of the plant with the associated
transfer function G. Inside this box is the nominal model
of the plant dynamics G, with the two elements W, and
Ag, which parametrize the uncertainty in the model. The
weighting function W, is assumed known and reflects the
amount of uncertainty (frequency dependent) in the model.
The perturbation A¢ is unknown but is assumed to be stable
with [|Agllec < 1. The family of plants associated with this
uncertainty model is therefore

G = {Gnom(I + W.Ag) : Ag stable, ||Ag|leo < 1}.

Good performance is taken to mean small tracking error.
The weighting function W, reflects the relative importance
of various frequency ranges for which performance is de-
sirable. The closed-loop system is said to achieve “nominal
performance” if

||Wp(1+ GnomK)_lnoo <L
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The closed-loop system achieves “robust stability” if it is
internally stable for all G € G, equivalently,

IWeK Grom(I + KGrom) oo < 1.

Finally, the closed-loop system achieves “robust performance”
if it achieves robust stability and, in addition, the performance
objective

W (I + GK) Yoo <1

is satisfied for all G € G.

To handle this problem by the u-synthesis design technique,
let P(s) denote the three input, three output open loop system
(i.e., Fig. 5 without controller K" and removing the perturbation
Ag). Then

Py Py
r .=
[Pm Pz2]

Wp - Wp Gnom - Wp Gnovn
_ [ o . ]

[I - Gn(nn, ] - Gnom,

and

Pllll) + Plz’ll,
y = Poyw+ Peu

where (see Fig. 5)
o)=L
, w o= .
2o W,

Redraw the system of Fig. 5 in the standard pu-synthesis

V4 =

z =

configuration of Fig. 6. The problem reduces to finding a

Um Pm Um
Us b Vs
Fig. 8. Master and slave manipulators.
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Fig. 9. Design of I,,.

controller K to make the H., norm of the transfer matrix
from r to z; as small as possible for all allowable Ag
with the additional constraint of robust stability. This robust
performance problem is transformed into the robust stability
problem of Fig. 7. The structured perturbation block is

J— AF 0
sefr 2]

where A, is a fictitious uncertainty block used to incorporate
the H., performance objective

IW,(I+GK) e <1 VGEG.

Using the main loop theorem in [4], a nominally stabi-
lizing controller K achieves robust stability in Fig. 7 iff
u[Fy(P, K)jw] < 1 for all w.

III. DESIGN FOR FREE MOTION

Represent the transfer matrix of the master manipulator by
P,,(s) and the slave manipulator by P,(s). The systems can
be represented as in Fig. 8, where w,, and u, are the applied
forces on the master and slave manipulators and v,, and v,
are the resultant velocities.

Consider H.-optimal design of controllers for the master
and slave manipulators for free motion. Let K,,, and K, denote
free motion controllers for the master and slave, respectively.
For the master controller the design specifications are taken
to be as follows:!

1) A desired master compliance should be achieved. In
general, this would mean that v,, should be a desired
function of fy, say, v,, = 'y, fn (I, is some linear
time-invariant system). The compliance error would then
be v,, — [',, fr and this should therefore be included
as a component in the vector z to be controlled. For

It will be clear from the development that the general method is not at all
restricted to these particular specs; they are merely typical.
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Fig. 10. Design of N..

simplicity, we assume I',,, = I, so v, — f should be
included in z.

2) The plant input, 7,,,;, should not exceed a prespecified
saturation limit, so 7,,,; should be included in z.

In order to regularize the problem, a noise d,,; is included.
The H, design of K,,, may be carried out with reference to
Fig. 9, where W,,,1, W,,,» and W,,,5 are frequency dependent
weighting matrices. Thus

2= |:Wm1(fh - Urn) w = fh
WmZTml ’ dml

Y = Unm + Wm3dm17 U = Tmi- (2)
Transfer functions relating the variables z and y to w and u
in Fig. 9 may be determined (as per (1)) and the ., design
procedure may be carried out using MATLAB.

For the slave controller, the design specifications are taken
to be as follows:

1) The slave velocity, v, should track the master velocity,
VU (8O vy, — v, should be included in 2).

2) The control torque, 74, should not exceed a prespecified
saturation limit (so 757 should be included in z).

Noises ds; and dso are introduced to regularize the problem.
The Ho, design of K, may be carried out as per Fig. 10. Thus

_ In

4 = [Wsl('um 'Us):|’ w = |da
W92Tsl

ds2

['Um + Ws3dsl

vs + Ws4d32 :|’ “ = T (3)

Again, Wy, Wy, Wy and W, are frequency dependent
weighting matrices. Note that the design and implementation
of K, does not affect the performance of the master system
(ie., P, and K,,). This is due to the fact that, for operation in
free space (no contact with external environment), there is no
feedback signal from the slave system to the master system.
In the design procedure described above, we have not
considered the issue of time delay in the transmission of
signals from the master to the slave. Although such a time
delay does not affect the stability of the system, it nevertheless
does degrade performance. A few comments are necessary
here. Note that, by choosing to ignore the time delay in our

design procedure, we have, in fact, chosen to minimizes the
error signal

er(t) =vm(t —7) — vs(t)

where 7 is the transmission time delay from master to slave.
However, the true error signal is

ea(t) = v (t) — vs(t).

Therefore, one may argue that a more appropriate design
methodology would incorporate the time delay element into
the weighted plant, by treating it as a perturbation, before
carrying out the H, design. In doing so, robust performance
for time delay would be achieved. On the other hand, since
‘Hoo optimal control minimizes the worse-case £, norm of the
error signal over the class of all £, input signals, if we choose
e2(t) as our error signal we will likely witness a decline in
nominal performance (i.e., when there is no time delay or,
more importantly, when the input to the system is far from
“worse case”— this is borne out by simulation). Clearly, a
choice must be made here. If e; is chosen as the error signal,
then this choice must be made with the assumption that the
operator is aware of the time delay in the system (i.e., the
operator applies only inputs to the system that have frequency
much less than %). Conversely, if e; is chosen as the error
signal, then the assumption is that a larger class of inputs
to the system is expected (e.g., if the operator is unaware
of the transmission time delay and attempts to induce rapid
movements). Note that if the latter design specification is
chosen, we must incorporate into the design a perturbation
model that covers the time delay. The procedure for this
is identical to that presented in the following section for
constrained motion design.

IV. DESIGN FOR CONSTRAINED MOTION

We now consider the design for constrained motion. The
overall system is shown in Fig. 11, where the new controller
K. is now to be designed. In this figure, Z. denotes the
(assumed known) impedance of the slave environment (f. =
Z.vs), K, and K, have been designed to satisfy performance
specifications for free motion, and f, is a sensor noise to
regularize the problem.
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Fig. 12. Master/slave system with time delay.

The design specifications are taken to be as follows:

1) The design of K. should not affect the free motion

already designed for.

The velocity error signal is minimized (so v, —v, should

be included in z).

The feedback force of the master hand controller should

track the sensed force at the slave end-effector (so

fs = (Tm1 + Tm2) should be included in z).

4) The control torques should not exceed prespecified sat-
uration limits (so 7,2 and 7,,2 should be included in
z).

5) The system should be stable for up to a pre-specified
amount of time delay through the communication chan-
nel between the master and the slave.

2)

3)

The first specification places a constraint on our control system
_ architecture. The extra control loop that is added to the system
(of Fig. 10) must not interfere with the operation of the original
system when there is no sensed force at the slave end-effector
(i.e., when f, = 0). We can satisfy this constraint if we use
fo as the only input to the controller to be designed. This is
because, for the case f. = 0 (free space motion), the output
of the controller K. is also zero and hence, will not affect the
operation of the system designed for operation in free space.
The second, third, and fourth specifications are performance
specifications that are similar to that of a normal H-optimal
design. In order to satisfy the fifth specification, we model
the time delay in the loop as a perturbation to the system
and design the system to be robust to such a perturbation.
To design for all specifications in one step without being
too conservative, we must use j-synthesis. We will model
the second, third and fourth specifications as one fictitious
perturbation block and the fifth specification as a separate
perturbation block.

A. The Design Technique

To simplify the discussion, introduce the following notation:

G  — (I+Pme)_1Pm
" Km(I+PmKTn)-1P1n
_. |Gm
- Gm2
T, = [[+P(Ke+Z)"
KS = [KSIKSZ]
Kes
Ku o [K(',’UL}.
Also, define
G. = "FsPsKsl —FSPS
o _Z(’Fs[)sKsl ([ - Z(»FSPS)
—. G.sll C"sl?:l
" Gs2a1 Ga22 |’

Then the system of Fig. 11 may be redrawn as Fig. 12, where in
addition blocks representing time delay in the communication
channel have been included. Time delay of % seconds in
the transmission of data from the master to the slave and
vice-versa is assumed.

It is convenient to lump the delays into one block. So move
the lower delay block around the loop to the forward path of
the loop and redefine f;, and v, as

foece Ty

This does not change the input/output characteristics of the
system, that is, the H., norm of the system is unchanged,
since the Mo, norm of e *% equals 1. In this way we may
perform our design on the system in Fig. 13.

—_—
vy — ¢ TTug.
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Fig. 15. Alternate perturbation model.

The block e™*7 represents a time delay (master to slave to
master) of 7 seconds. We can reconfigure the system of Fig.
13 so that the time delay is reflected as a perturbation to the
system. Let

Ar(s)=e™ " —1.

Then the system of Fig. 13 can be redrawn as in Fig. 14.
Notice that the maximum magnitude of e Wt — 1 equals 2,
that is, |A;||lcc = 2, for every 7 > 0, so this perturbation is
not small! If we were to design for a perturbation this large,
our design would be very conservative indeed, since it would
be compensating for all perturbations of norm < 2, not just
the time delay.

Observe that A, (s) is small at low frequencies, that is, for
every lowpass filter F, ||A; F||sc — 0as 7 — 0. This suggests
that a sensible way to reduce this conservatism is to move the
perturbation to surround the master system, G,,, as in Fig.
15. Note that the system of Fig. 15 is equivalent to that of

Fig. 14 if A, = A;G,.1. Since G,1(s) is strictly proper
by design, there is a single-input, single-output bandpass filter
W.(s) such that
(1WAl < 1. )
Write A,,,, = A,,,W.'W, to get Fig. 16. The perturbation
is now W{lATm, and it has norm < 1.
In Fig. 16, performance weights W7, W5 have been shown,
but the controller K and weights W3, Wy on the control inputs

Tm2 and T;o have not been shown to avoid clutter. Thus, for
this design,

W1 (v, — v)
Wolfs — (Tm1 + Tm2)] fn
z = W3T,,L2 N w = fb
WyTeo w3
25
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This design problem is more clearly illustrated in Fig. 17,
where W,.~1A ., has been replaced by A;. The goal now is to
design a controller that achieves the performance specifications
for all ||A,ll < 1. Introducing a fictitious performance
perturbation A, (as discussed in Section II), let

f— AP 0
»=[ 4

to get the final setup of Fig. 18. The u-synthesis problem is
_ to find a controller K to minimize u(F;(G, K)) in Fig. 18.
By appropriate design of weighting matrices, it is possible to
design a controller that makes the norm from ws to z5 less
than or equal to 1 and, at the same time, makes the norm from
the remaining inputs to the remaining outputs

w1 z2
[’wz] - Z3
24
as small as possible (therefore optimizing performance as
well). Note that in our design the size of ||As||eo is fixed
as this is a hard constraint (stability); the size of ||A,]| is not
fixed.

V. EXAMPLE

In this section, we present a design example to illustrate the
method. To keep the analysis fairly simple, we consider the

Fig. 18. Final setup for je-synthesis.

dynamic model of one degree of freedom master and slave
manipulators. Let the master robot be modeled as a one link
rigid manipulator:

om(s) = SUu(s) = 7))

For the slave manipulator, we choose a fourth order model of
a one link manipulator with two flexible modes. This model is
taken from the Shuttie Remote Manipulator System shoulder
joint [17] and is described by the following equation:

28252 +1 x 10%

v(8) == T 12557 + 11005% 1 12005 1 890

[fe(s)+7s(s)]-

It incorporates models of a DC motor, tachometer and lin-
earized geartrain. We now proceed to design controllers for
this system for both free motion and for constrained motion.
In the discussion below, a,,;, a; and «; are all non-negative
real numbers.

A. Design for Free Motion

For this design, the vector-valued signals w, u, z and y in
the standard H., design setup were defined as in (2) (see Fig.
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Fig. 19. Step response of master, free motion: f;, — vy, and 7,1

9). The weighting matrices were chosen as

s2 +10s + 100

W7 5 = m
m{s) = em1 T 0 001

for the weight on the error signal (f;, — v,,),

S
Wia(s) = Qtyg o
2(8) = ama ey

for the weight on the control signal 7,7 and

S
Wins(s) = _—
ma(s) = om3gEer
to model the disturbance signal d,,;. The choice of the
weighting function W,,,; for the velocity error is based on
the fact that the 7, design technique, in trying to make the
norm of the operator from f; to W1 (v,, —v,) small, will tend
to make the transfer function from f, to (v,, — vs) resemble
W, 1(s). Hence, W, (s) was chosen accordingly. That is,
given the standard second order system
w

=1-—a%n
#1(s) [ 82 + 20wns + w2

wl(s)

the parameters ¢ and w,, were chosen to obtain the desired
transient response for W, 1. This design resulted in a fourth
order, stable controller K,,,. The closed-loop step response
(e, fn(s) = 1) is illustrated in Fig. 19.

Next, we design the slave controller, K, for free motion
as per Fig. 10. Note the equations for the inputs and outputs
of the system are given in (3). The weighting matrices for the
design were chosen as

s2 + 10s + 10000

Wia(s) = a.
i(s) = aa $2+10s+0.1

10— Siep Responser My
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time
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Fig. 20. Step response, free motion: v, — vs and 7,1 and 751.

for the weight on the error signal (v, — vs),

S
Woo(s) = crap———
»2(8) = @ =0

for the weight on the control signal 74; and

S
W. = 33—
s3(5) = Qs gaaT T

to model the disturbance signal d¢;. This results in a stable
controller. The closed-loop step response (i.e., fi(s) = %) is
illustrated in Fig. 20. This response (settling time < 1 second)
is quite good considering the impulse response of the open
loop plant has a settling time greater than 100 seconds.

B. Constrained Motion Design

For this design (see Fig. 16), the equations for the four
signals z, w, y, and u are given by (5). The weighting matrices
for the design are as follows:

s2 + 185 + 10000

W & -
18) == o0

for the velocity error (v, — v5),

52 4+ 10s + 10000

Wa(s) =
2(8) = 2 s 0.
for the force reflection error [fs — (71 + Tm2)], and

8
Wi(s) = ay—
3(8) = g T
and

S

Wails) = 7
als) = eaggoT

for the master and slave control torques (7,,2 and 7s2). For
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Fig. 21. Graph of A4G 1.
our design, we let
1000
Z. =
s

represent the impedance of the slave manipulator’s environ-
ment.
The function W, (s) must be designed so that (see (4))

[Wejw| > |ArjwGmijw| VYw, V1 <4

Suppose the maximum time delay incurred in the communica-
tion channel is 2 seconds in each direction (4 seconds total).
Then let = = 4. Fig. 21 shows the graph of the function

|A4ijm1jw{. Let

5(0.007s + 1)2
X .
(0.035s + 1)3(1.9s + 1)

We(s) =5.0

Then,

[Wejw| > |AgjwGmijw| Yw

as illustrated in Fig. 22. In fact, it may be shown that this
choice of |W,(jw)] is greater than |A,(jw)Gmi(jw)| for all
7 < 4, for all w.

Using these weighting matrices, the system was designed
via the p-synthesis method, using p-Tools in MATLAB, and
the controller K was computed. The resulting closed loop step
response (to input f,(s) = % for 7 = 0) of the error signals
(Um —vs) and [ fr, — (71 +7Tm2)] is shown in Fig. 23. Next, we
check that the closed-loop system is stable for all time delays
of 7 < 4. That is, suppose we denote the transfer function
from w. to (fi, — Tm2) in Fig. 16 by Q(s). Then, we require

||A4Gml(J”oo <1

for stability of the system. The magnitude plot of A;G,,,1Q
is illustrated in Fig. 24. Note, from this figure, that we are
within our specifications.

20 T T T

Delta_4*gm1, wc

-161004 103 102 100 100 10" 102 108 104 105 10¢
Frequency (rad/s)
Fig. 22. Graph of AyG,, 1 Wi

1 1 : . . Step Input:fh . .

14 16 18 20

14 16 18 20

Fig. 23.  Step response, constrained motion: ', — s and [fs — (T 1 +T1n2)].

Using MATLAB, we now simulate the telerobotic system
with a time delay of two seconds (each direction). Once again,
we apply a step input, fr(s) = é, to the system. The response
is illustrated in Fig. 25. Note that although there is a total
delay of four seconds from the initiation of hand controller
input, f, to the time when force is “reflected back” to the
master robot, the system is able to maintain stability. It can
be shown that stability is achieved for all time delays of less
than four seconds. That is

1A GriQlloe <1 V7 €[0,4].

Now, suppose we choose a time delay greater than four
seconds, say 7 = 6 seconds. This corresponds to a communi-
cation time delay of three seconds in each direction between
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Fig. 24. Check for time delay stability margin: |4 G, 1 Q.

Fig. 25. Step response with 7 = 2: v, — ¢ and [fy — (701 + Tin2))-

the master and slave. Fig. 26 illustrates the magnitude plot of
AsGrn1Q. Note from this figure that

||A5Gm1Q”OO > 1.

Hence, we cannot guarantee the system to be stable for a time
delay of 3 seconds (in each direction) or greater through the
communication channel. Using MATLAB, we now simulate
the telerobotic system with a time delay of three seconds (each
direction). Once again, we apply a step input to the system. The
response is, in fact, unstable and is illustrated in Fig. 27. Thus,
we can see from this example that our perturbation model is
not overly conservative. That is, given an upper bound on the
time delay, the design procedure will design for that time delay

0.6k

04

024

:

0 H
104 103 102 10 100 10! 102 103 104

Frequency (rad/s)
Fig. 26. Check for six-second time delay: |G 1 Q|-
40
20
-20
_M) - -
P H H H

100 T T
50+
v S
50k
100 i H R S H i . H
0 10 20 30 40 50 60 70 80 9% 100
time
Fig. 27. Step response with 7 = 3: 5, — v5 and [fs — (Ton1 + Toi2)]-

and only trade off that amount of time-delay stability margin
against the performance criteria. It is interesting to note that
the Anderson-Spong method would not be applicable here,
since neither the master nor slave system is passive.

VI. CONCLUDING REMARKS

A systematic procedure has been presented for controller
design for a bilateral force-reflecting teleoperator. The method
requires no special assumptions, such as passivity of the master
and slave systems. The system is designed to function both
in free motion and when the slave is in contact with its
environment, and also when there is a pre-specified upper
bound on the communication time delay. The design is based
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on the H..-optimal control and p-synthesis framework. The
example shows that the method is not overly conservative.
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